The sizes of optimal constant-composition codes of weight three have been determined by Chee, Ge and Ling with four cases in doubt. Group divisible codes played an important role in their constructions. In this paper, we study the problem of constructing optimal ternary constant-composition codes with Hamming weight four and minimum distance six. The problem is solved with a small number of lengths undetermined. The previously known results are those with code length no greater than 10.
Introduction
Constant-composition codes (CCCs) are a special type of constant-weight codes (CWCs) which are important in coding theory. The class of constant-composition codes includes the important permutation codes and has attracted recent interest due to their numerous applications, such as in determining the zero error decision feedback capacity of discrete memoryless channels [37] , multiple-access communications [15] , spherical codes for modulation [23] , DNA codes [30, 32, 9] , powerline communications [11, 13] , frequency hopping [12] , frequency permutation arrays [29] , and coding for bandwidth-limited channels [14] .
Systematic study began in late 1990's [3, 34, 5] . Today, various methods have been applied to the problem of determining the maximum size of a constant-composition code, such as u ∈ Z X q is the tuple w = [w 1 , . . . , w q−1 ], where w j = |{x ∈ X : u x = j}|. A code C is said to have constant weight w if every codeword in C has weight w, and is said to have constant composition w if every codeword in C has composition w. Hence, every constant-composition code is a constant-weight code. We refer to a q-ary code of length n, distance d, and constant weight w as an (n, d, w) q -code. If in addition, the code has constant composition w, then it is referred to as an (n, d, w) q -code. The maximum size of an (n, d, w) q -code is denoted as A q (n, d, w) and that of an (n, d, w) q -code is denoted as A q (n, d, w). Any (n, d, w) q -code or (n, d, w) q -code achieving the maximum size is called optimal.
The following operations do not affect distance and weight properties of an (n, d, w) qcode:
(i) reordering the components of w, and (ii) deleting zero components of w.
Consequently, throughout this paper, we restrict our attention to those compositions w = [w 1 , . . . , w q−1 ], where w 1 ≥ · · · ≥ w q−1 ≥ 1.
Suppose u ∈ Z X q is a codeword of an (n, d, w) q -code, where w = [w 1 , . . . , w q−1 ]. Let w = q−1 i=1 w i . We can represent u equivalently as a w-tuple a 1 , a 2 , . . . , a w ∈ X w , where
u a w 1 +1 = · · · = u a w 1 +w 2 = 2, . . .
= · · · = u w = q − 1.
Throughout this paper, we shall often represent codewords of constant-composition codes in this form. This has the advantage of being more succinct and more flexible in manipulation.
Upper Bounds
For constant-composition codes, we have Lemma 2.1 (Chee et al. [7, 6] ) i=1 w i − 1 and n is sufficiently large
The following Johnson-type bound has been proven for constant-composition codes.
Theorem 2.2 (Svanström et al. [36])
A q (n, d, [w 1 , . . . , w q−1 ]) ≤ n w 1 A q (n − 1, d, [w 1 − 1, . . . , w q−1 ]).
As a consequence of Lemma 2.1 and Theorem 2.2, we have the following result. For most cases, we will show that the above Johnson-type bound is tight. However, for the cases n ≡ 4, 5, 7 (mod 9) and w = [3, 1] , other arguments can give better bounds. Proof: Let C be a code of length n with composition [3, 1] , minimum distance six and M codewords. Let C 1 i denote the set of codewords with 1 in position i and let C 2 i denote the set of codewords with 2 in position i. Let x i , y i be the sizes of C 1 i and C 2 i respectively. Count the number of nonzero symbols in the code in two ways to get 4M = i (x i + y i ). We want to bound the value of x i + y i . Consider a fixed position i of C. Since the minimum distance of C is six, the remaining nonzero symbols of the codewords in C 1 i should lie in different positions. So we have 3x i ≤ n − 1. Now, we consider a codeword in C 2 i . Such a codeword cannot have its 1s in any of the 2x i positions where a codeword of C 1 i has a 1, as this would give a minimum distance smaller than six. Furthermore, the 1s of two codewords in C 2 i cannot overlap, so we have 2x i + 3y i ≤ n − 1.
When n = 9t + 4, it follows from 2x i + 3y i ≤ 9t + 3 that x i + y i ≤ 3t + 1 + ⌊ x i 3 ⌋. Noting that 3x i ≤ 9t + 3, we can get x i + y i ≤ 4t + 1. Thus M ≤ ⌊ (9t+4)(4t+1) 4
⌋. We then obtain the first inequation. The other inequations can be obtained by similar arguments.
In the rest of this paper, we use the notation U(n, 6, [2, 2]) = 
Designs
Our recursive construction is based on some combinatorial structures in design theory. The most important tools are pairwise balanced designs (PBDs) and group divisible designs (GDDs).
Let K be a subset of positive integers and let λ be a positive integer. A pairwise balanced design ((v, K, λ)-PBD or (K, λ)-PBD of order v) is a pair (X, B), where X is a finite set (the point set) of cardinality v and B is a family of subsets (blocks) of X that satisfy (1) if B ∈ B, then |B| ∈ K and (2) every pair of distinct elements of X occurs in exactly λ blocks of B. The integer λ is the index of the PBD. A group divisible design (GDD) is a triple (X, G, B) where X is a set of points, G is a partition of X into groups, and B is a collection of subsets of X called blocks such that any pair of distinct points from X occurs either in some group or in exactly one block, but not both. A K-GDD of type g
. . . g us s is a GDD in which every block has size from the set K and in which there are u i groups of size g i , i = 1, 2, . . . , s. When K = {k}, we simply write k for K. A parallel class or resolution class is a collection of blocks that partitions the point set of the design. A GDD is resolvable if the blocks of the design can be partitioned into parallel classes. A resolvable GDD is denoted by RGDD.
A k-GDD of type m k is also called a transversal design and denoted by TD(k, m). vi) a TD(m + 1, m) exists if m is a prime power.
A double group divisible design (DGDD) is a quadruple (X, H, G, B) where X is a set of points, H and G are partitions of X (into holes and groups, respectively) and B is a collection of subsets of X (blocks) such that (i) for each block B ∈ B and each hole H ∈ H, |B ∩ H| ≤ 1,
(ii) any pair of distinct points from X which are not in the same hole occurs either in some group or in exactly one block, but not both.
us is a double group divisible design in which every block has size from the set K and in which there are u i groups of size g i , each of which intersects each of the v holes in h i points. A modified group divisible design K-MGDD of type g u is a K-DGDD of type (g, 1 g ) u .
Group Divisible Codes
Given u ∈ Z X q and Y ⊆ X, the restriction of u to Y , written u | Y , is the vector v ∈ Z X q such that
A group divisible code (GDC) of distance d is a triple (X, G, C), where G = {G 1 , . . . , G t } is a partition of X with cardinality |X| = n and C ⊆ Z X q is a q-ary code of length n, such that d H (u, v) ≥ d for each distinct u, v ∈ C, and u| G i ≤ 1 for each u ∈ C, 1 ≤ i ≤ t. Elements of G are called groups. We denote a GDC(X, G, C) of distance d as w-GDC(d) if C is of constant weight w. If we want to emphasize the composition of the codewords, we denote the GDC as w-GDC(d) when every u ∈ C has composition w. The type of a GDC(X, G, C) is the multiset |G| : G ∈ G . As in the case of GDDs, the exponential notation is used to describe the type of a GDC. The size of a GDC(X, G, C) is |C|. Note that an (n, d, w) q -code with size s is equivalent to a w-GDC(d) of type 1 n with size s.
Constant-composition codes of larger orders can often be obtained from GDCs via the following two constructions.
Construction 2.8 (Filling in Groups, see [7] ) Let d ≤ 2(w − 1). Suppose there exists a w-GDC(d) (X, G, C) of type g 
Construction 2.9 (Adjoining y Points, see [7] ) Let d ≤ 2(w−1) and y ∈ Z ≥0 . Suppose there exists a (master) w-GDC(d) of type g
ts s with size a, and suppose the following (ingredients) also exist:
Then, there exists a (y +
Furthermore, if the master and ingredient codes are of constant composition, then so is the resulting code.
The following two constructions are useful for generating GDCs of larger orders from smaller ones.
be a (master) GDD, and ω : X → Z ≥0 be a weight function. Suppose that for each A ∈ A, there exists an (ingredient) w-GDC(d) of type ω(a) : a ∈ A . Then there exists a w- In this section, we focus on the determination for the exact values of A 3 (n, 6, [2, 2] ) for all positive integers n. We first construct some [2, 2] -GDC(6)s to obtain the optimal (n, 6, [2, 2]) 3 -codes.
Skew Room Frame Construction
If {S 1 , . . . , S n } is a partition of a set S, an {S 1 , . . . , S n }-Room frame is an |S| × |S| array, F , indexed by S, satisfying:
1. every cell of F either is empty or contains an unordered pair of symbols of S, 2. the subarrays S i × S i are empty, for 1 ≤ i ≤ n (these subarrays are holes), 3. each symbol x ∈ S i occurs once in row (or column) s for any s ∈ S i , and 4. the pairs occurring in F are those {s, t}, where (s, t)
The type of an {S 1 , . . . , S n }-Room frame F will be the multiset |S 1 |, . . . , |S n | . We will say that F has type t 
The code contains all the codewords (a, j), (b, j), (c, 1 + j), (r, 4 + j) , (c, 4 + j), (r, 1 + j), (a, j), (b, j) , where j ∈ Z 6 and the pair {a, b} is contained in column c and row r of F . It is easy to check that this code is of distance 6 and composition [2, 2] .
Combining Lemma 3.1 and Proposition 3.2, we have the following result. 
Difference Matrix Construction
Let G be an abelian group of order g. t with size 6t(t − 1) for each 5 ≤ t ≤ 11.
Proof: For t ∈ {5, 8}, let X t = Z 6t , and
]-GDC(6) of type 6 t and size 6t(t − 1), where C t is obtained by developing the elements of Z 6t in the following codewords +1 (mod 6t). For t = 6, let X 6 = Z 12 × I 3 , and G 6 = {{(i, 0), (i + 6, 0), (i, 1), (i + 6, 1), (i, 2), (i + 6, 2)} :
6 and size 180, where C 6 is obtained by developing the elements of Z 12 × I 3 in the following codewords (+1 (mod 12), −).
For t ∈ {7, 9, 11}, the desired GDCs are obtained from Lemma 3.3. For t = 10, inflate a [2, 2]-GDC(6) of type 2 10 with weight 3 to obtain the desired code.
Lemma 3.9 There exists a [2, 2]-GDC(6) of type g u with size u(u − 1)g 2 /6 for each (g, u) ∈ {(3, 7), (3, 11) , (3, 13) , (10, 7) , (18, 4)}.
Proof: For each [2, 2] -GDC(6) of type g u , let X = Z gu , and with size (g 2 u(u − 1) + 2gum)/6 for each (g, u, m) ∈ {(9, 5, 9), (9, 5, 15) , (18, 4, 6) , (18, 4, 12) , (18, 6, 33) , (24, 4, 6) , (24, 4, 9)}. (6), where C is obtained by developing the following codewords under the automorphism group as below.
Lemma 3.13 For each t ≥ 9 and t ∈ P , there exists a [2, 2]-GDC(6) of type 24 i 30 j 36 k 42 l 48 m , where i, j, k, l, m are integers such that 4i + 5j + 6k + 7l + 8m = t.
Proof: For each t ≥ 9 and t ∈ P , take a (t + 1, {5, 6, 7, 8, 9}, 1)-PBD from Theorem 2.6, and remove one point from the point set to obtain a {5, i) type 18 u and size 54u(u − 1) for u ∈ {4, 5, 6, 7, 9, 11};
ii) type 24 u and size 96u(u − 1) for u ∈ {4, 7, 8};
iii) type 24 u 36 1 and size 96u(u + 2) for u ∈ {4, 5}; For vi), take a TD(5, 4) and apply the Fundamental Construction, giving weight 6 to each point in the first four groups and two points in the last group and weight 3 to each of the remaining points. Noting that there exist [2, 2]-GDC (6) 
Cases of Length
Proof: For n = 7, see Table 1 .
For n = 13, the required code is constructed on I 13 with codewords as below. 
Proof: For each t ∈ [3, 11] ∪ {13, 14, 17} and t = 4, let X t = Z 6t+1 . Then (X t , C t ) is the desired optimal (6t + 1, 6, [2, 2]) 3 -code, where C t is obtained by developing the elements of Z 6t+1 in the codewords listed in Table 2 +1 (mod 6t + 1).
is the desired optimal (25, 6, [2, 2]) 3 -code, where C 4 is obtained by developing the elements of Z 5 × Z 5 in the codewords listed in Table 2 (+1 (mod 5), +1 (mod 5)). (6) constructed in Lemma 3.14. Adjoin one ideal point, and fill in the groups together with the ideal point with optimal codes of small lengths from Lemma 3.16 to obtain the desired code.
Combining the above lemmas, we obtain the following result for n ≡ 1 (mod 6).
For n ≡ 0 (mod 6), we have the following result.
Proof: For t = 1, see Table 1 . For t = 2, let X = Z 12 . Then the code C is obtained by developing the elements of Z 12 in the following codewords +2 (mod 12). 0, 2, 8, 5 0, 9, 7, 11 1, 5, 0, 10
For each t ≥ 3, remove one point and related codewords from an optimal (6t+1, 6, [2, 2]) 3 -code from Theorem 3.18 to get the desired code. with size 2t(3t + 1) for each 3 ≤ t ≤ 11 or t ∈ {14, 17}.
Proof: For t = 3, the code is constructed in Lemma 3.7.
For 4 ≤ t ≤ 11 or t ∈ {14, 17}, let X t = Z 6t+2 , and
3t+1 , where for t = 5, C t is obtained by developing the elements of Z 6t+2 in the codewords listed in Table 3 +1 (mod 6t + 2), and C 5 is obtained by developing the elements of Z 32 in the codewords listed in Table 3 (6) constructed in Lemma 3.14. Adjoin two ideal points, and fill in the groups to obtain the desired GDC.
For t = 13, take a TD (4, 5) and apply the Fundamental Construction with weight 4 to obtain a [2, 2]-GDC(6) of type 20 4 . Then fill in the groups with [2, 2]-GDC(6)s of type 2 10 to obtain the required GDC.
Summarizing the above results, we have:
3.6 Case of Length n ≡ 5 (mod 6) Proof: Let X t = I 6t+5 , and G t = {{i, i+3t} : 0 ≤ i ≤ 3t−1}∪{{6t, 6t+1, 6t+2, 6t+3, 6t+4}}. Then (X t , G t , C t ) is a [2, 2]-GDC(6) of type 2 3t 5 1 , where C 3 is obtained by developing the codewords in Table 4 under the automorphism group G = (0 3 6 · · · 15)(1 4 7 · · · 16) (2 5 8 · · · 17)(18 19 20) (21 22) , and for t > 3, C t is obtained by developing the elements of Z 6t in the codewords in Table 4 under the automorphism group G = (0 3 6 · · · 6t − 3)(1 4 7 · · · 6t − 2)(2 5 8 · · · 6t − 1)(6t)(6t + 1)(6t + 2)(6t + 3)(6t + 4) . The result is an optimal code of length 6t + 5 with t = 5m + x + 12, as desired.
Proof: For each t ∈ {54, 55}, take a TD(5, 12) from Theorem 2.7 and apply the Fundamental Construction, assigning weight 6 to all points in the first four groups and weights 3 or 6 to points in the last group. The result is a [2, 2]-GDC (6) For each 63 ≤ t ≤ 76, take a TD(9, 8) from Theorem 2.7 and apply the Fundamental Construction, assigning weight 6 to all points in the first six groups, weight 9 to the points in the last group and weights 0 or 6 to the remaining points. Note that there exist [2, 2]-GDC(6)s of type 6 s 9 1 for s ∈ {6, 7, 8} by Lemma 3.11. The result is a [2, 2]-GDC(6) of type 48 6 (6x) 1 (6y) 1 72 1 with x, y ∈ {0, 3, 4, 5, 6, 7, 8}. Adjoin five ideal points and fill in the groups to obtain an optimal code of length 6t + 5 with t = 60 + x + y.
For each 77 ≤ t ≤ 100 and t ∈ {85, 86}, take a TD(9, u) with u ∈ {9, 11} from Theorem 2.7 and remove one point to redefine the groups to obtain a {9, u}-GDD of type 8 u (u − 1) 1 . Then apply the Fundamental Construction, assigning weight 6 to the points in the first u − 2 groups of size 8, weights 0 or 9 to the points in the group of size u − 1 and weights 0 or 6 to the remaining points. Note that there exist [ 1 with x, y ∈ {0, 3, 4, 5, 6, 7, 8}. Adjoin five ideal points and fill in the groups to obtain an optimal code of length 6t + 5 with t = 8u + x + y − 4.
For each t ∈ {85, 86}, take a TD(8, 11) from Theorem 2.7 and remove one point to redefine the groups to obtain an {8, 11}-GDD of type 7 11 10 1 . Then apply the Fundamental Construction, assigning weight 6 to the points in the first ten groups of size 7, weights 0 or 9 to the points in the group of size 10 and weights 0 or 6 to the remaining points. The result 1 with x ∈ {3, 4}. Adjoin five ideal points and fill in the groups to obtain the desired optimal code.
Finally, for 101 ≤ t ≤ 129, take a TD (11, 16) and apply the Fundamental Construction, assigning weight 6 to the points in the first five groups and weights 0 or 6 to the remaining points. The result is a [2, 2]-GDC(6) of type 96
1 with x 1 , x 2 , . . . , x 5 ∈ {0, 3, 4, 5, 6, 7, 8}. Adjoin five ideal points and fill in the groups to complete the proof.
Summarizing the above results, we have: 
2 . Furthermore, we have
3.7 Case of Length n ≡ 4 (mod 6) Proof: For t = 1, see Table 1 . For 4 ≤ t ≤ 9, let X t = Z 6t+4 . Then (X t , C t ) is the desired optimal (6t + 4, 6, [2, 2]) 3 -code, where C t is obtained by developing the elements of Z 6t+4 in the codewords listed in Table 5 (6m) 6 (6x) (6m) 4 (6x + 3y) 1 . Adjoin one ideal point. Fill in the first 4 groups together with the ideal point with optimal codes of length 6m + 1 from Theorem 3.18, and fill in the group of size 6x + 3y together with the ideal point with an optimal (6x + 3y + 1, 6, [2, 2]) 3 -code from Lemma 3.32. The result is an optimal code of length 6t + 4 with t = 4m + x + y−1 2
. For each desired t, the parameters (m, x, y) and the code of length s = 6x + 3y + 1 to be filled in are given in Table 6 Table 7 . We inflate a [2, 2]-GDC(6) of type g u m 1 (from "Source") with weight w, adjoin a ideal point with a = 0 or 1, and fill in the groups together with the ideal point with optimal codes of length s ∈ S to obtain the desired code. Proof: For t = 29, take a [2, 2]-GDC(6) of type 6 7 from Lemma 3.8; apply the Inflation Construction with weight 4, using 4-MGDDs of type 4 4 (see [22] ) as input designs, to obtain a 4-DGDD of type (24, 6 4 ) 7 with the CCC property. Adjoin 9 ideal points, and fill in [2, 2]-GDC(6)s of type 6 7 9 1 to obtain a [2, 2]-GDC(6) of type 24 7 9 1 . Adjoin one more ideal point, and fill in the groups together with the ideal point with optimal codes of lengths 25 and 10 to obtain the desired code.
For t = 35, take a [2, 2]-GDC(6) of type 6 7 and remove all the points in the last group; apply the Inflation Construction with weight 5, using 4-MGDDs of type 5 4 (see [22] ) and resolvable 3-MGDDs of type 5 3 (see [38] ) as input designs, to obtain a {3, 4}-DGDD of type (30, 6 5 ) 6 with the CCC property, whose triples fall into 48 parallel classes. Adjoin 24 infinite points to complete the parallel classes, and then adjoin further 9 ideal points, fill in a [2, 2]-GDC(6) of type 6 6 9 1 to obtain a [2, 2]-GDC(6) of type 30 6 33 1 . Adjoin one more point, and fill in the groups together with the ideal point with optimal codes of lengths 31 and 34 to obtain the desired code. Proof: Let X = (Z 9 × {0, 1, 2}) ∪ (Z 3 × {3}) ∪ {∞}. The point set (Z 3 × {3}) ∪ {∞} forms the group of size 4. Define α : X → X as x y → (x + 1) y where the addition is modulo 9 if y ∈ {0, 1, 2}, and modulo 3 if y ∈ {3}. The point ∞ is fixed by α. Develop the following 17 base codewords with α: Proof: For each t ≥ 1, t ∈ {2, 3, 12, 14, 15, 20}, remove one point and the related codewords from an optimal (6t + 4, 6, [2, 2]) 3 -code from Theorem 3.40 to obtain the desired code.
For t ∈ {2, 14, 20}, let X t = Z 6t+3 . Then (X t , C t ) is the desired optimal (6t + 3, 6, [2, 2]) 3 -code, where C t is obtained by developing the elements of Z 6t+3 in the following codewords +1 (mod 6t + 3).
For t ∈ {12, 15}, take a [2, 2]-GDC(6) of type 18
4 (see Lemma 3.9) or type 18 5 . Adjoin 3 ideal points, and fill in the groups together with these ideal points with [2, 2]-GDC(6)s of type 3
7 to obtain the desired code.
Determining the Value of A 3 (n, 6, [3, 1])
In this section, we focus on the determination for the exact values of A 3 (n, 6, [3, 1] ) for all positive integers n.
Some [3, 1]-GDC(6)s
Lemma 4.1 There is a [3, 1]-GDC(6) of type 3 3t+1 with size 3t(3t + 1) for each t ∈ {2, 6}.
Proof: Let X t = Z 9t+3 , and G t = {{0, 3t + 1, 6t + 2} + i : 0 ≤ i ≤ 3t}. Then (X t , G t , C t ) is a [3, 1]-GDC(6) of type 3 3t+1 with size 3t(3t + 1), where C 2 is obtained by developing the elements of Z 21 in the following codewords +3 (mod 21), and C 6 is obtained by developing the elements of Z 57 in the following codewords +1 (mod 57). Proof: Let X t = Z 18t+6 , and G t = {{0, 3t + 1, 6t + 2, . . . , 15t + 5} + i :
3t+1 , where C t is obtained by developing the elements of Z 18t+6 in the codewords in Table 8 +1 (mod 18t + 6).
Lemma 4.3 There is a [3, 1]-GDC(6) of type 9
t with size 9t(t−1) for each t ∈ {4, 5, 6, 8, 9, 11, 12, 14, 15, 18, 23}.
Proof: Let X t = Z 9t , and
t with size 9t(t − 1), where C 4 is obtained by developing the elements of Z 36 in the codewords in Table 9 +6 (mod 36), C 5 is obtained by developing the elements of Z 45 in the codewords in Table 9 +3 (mod 45), and C t with t ≥ 6 is obtained by developing the elements of Z 9t in the codewords in Table 9 +1 (mod 9t). Proof: Take a TD(5, u) with u ≥ 4, u ∈ {6, 10} from Theorem 2.7; remove one point from one group and adjoin an ideal point to obtain a {5, u + 1}-GDD of type 4 u u 1 . Apply the Fundamental Construction with weight 9 to the points in the groups of size 4 and x points in the group of size u for 0 ≤ x ≤ u. Note that there exist [3, 1] -GDC(6)s of type 9 s for s ≥ 4 by Theorem 4.4. The result is the desired GDC. ii) type 36 6 (9x) 1 and size 432(10 + x) for x ∈ {0, 1, 3};
iii) type 36 10 (9x) 1 and size 720(18 + x) for x ∈ {0, 1, 2, 3}; iv) type 27 t and size 81t(t − 1) for t ∈ {4, 5, 7}; v) type 18 7 and size 1512.
Proof: For i), take a TD(6, 5) from Theorem 2.7, and apply the Fundamental Construction with weight 9 to all the points in the first five groups and x points in the last group. For ii), take a [3, 1]-GDC(6) of type 9 6 from Theorem 4.4; apply the Inflation Construction with weight 4, using 4-MGDDs of type 4 4 as input designs, to obtain a 4-DGDD of type (36, 9 4 ) 6 with the CCC property. Then adjoin 9x ideal points with x ∈ {0, 1} and fill in 10 to obtain a 4-DGDD of type (36, 9 4 ) 10 with the CCC property. Then adjoin 9x ideal points and fill in [3, 1] -GDC(6)s of type 9
10 (9x) 1 from Theorem 4.4 and Lemma 4.8 to obtain the desired GDCs. For iv), inflate a [3, 1]-GDC(6) of type 9 t from Theorem 4.4 with weight 3. For v), apply the Fundamental Construction with weight 9 to a 4-GDD of type 2 7 (see [26] ) to obtain the desired GDC. 1, 6, [3, 1] ) for t ∈ {1, 3}.
Cases of Length
Proof: For t = 1, see Table 1 . For t = 3, let X = Z 28 . Then (X, C) is the desired optimal (28, 6, [3, 1]) 3 -code, where C is obtained by developing the following base codewords +4 (mod 28). Proof: For t = 1, the [3, 1]-GDC of type 1 9 2 1 constructed in Lemma 4.16 is the desired code. For each t ∈ {2, 3}, let X t = Z 9t+2 . Then (X t , C t ) is the desired optimal (9t + 2, 6, [3, 1]) 3 -code, where C t is obtained by developing the elements of Z 9t+2 in the following codewords +1 (mod 9t + 2). 
Case of Length n ≡ 6 (mod 9)
Lemma 4.20 There is a [3, 1]-GDC(6) of type 1 9t 6 1 with size 9t(t+1) for each t ∈ {2, 3, 5, 7, 9}.
Proof: Let X t = I 9t+6 , and
1 , where C t is obtained by developing the codewords in Table 10 under the automorphism group G t .
For t ∈ {2, 3}, G t = (0 3 6 · · · 9t − 3)(1 4 7 · · · 9t − 2)(2 5 8 · · · 9t − 1)(9t 9t + 1 9t + 2)(9t + 3 9t + 4 9t + 5) .
For t ∈ {5, 7, 9}, G t = (0 1 2 · · · 9t − 1)(9t 9t + 1 9t + 2)(9t + 3 9t + 4 9t + 5) . Proof: For t = 0, see Table 1 Proof: For each t ≥ 16 and t = 26, write t = 4u + x with u ≥ 4 and x ∈ {0, 1, 2, 3}. Take a [3, 1] Proof: For t = 0, see Table 1. For t ∈ {2, 3}, let X t = Z 9t+3 ∪{∞}. Then (X t , C t ) is the desired optimal (9t+4, 6, [3, 1]) 3 -code, where C t is developed +3 (mod 9t + 3). For t = 33, take a TD (4, 5) 
Further develop the codeword 0 0 , 6 0 , 0 1 , 6 1 making a short orbit of length 6. Finally develop the following codewords making 2 short orbits of length 4 and one short orbit of length 3: For t = 3, the desired code is constructed on X = (Z 6 × {0, 1, 2, 3, 4}) ∪ (Z 2 × {5, 6}). Define α : X → X as x y → (x + 1) y where the addition is modulo 6 if y ∈ {0, 1, 2, 3, 4}, and modulo 2 if y ∈ {5, 6}. Develop the following 19 base codewords with α:
Then add the following 5 codewords.
For t = 6, take a Adjoin seven ideal points and fill in the groups. For 32 ≤ t < 120, write t = 6u − 12 + x + y + z with u ∈ {7, 9, 11, 13, 16, 19} such that x, y, z ∈ {0, 2, 4, 6} and at most one of x, y, z takes the value 2. Take a TD(7, u) from Theorem 2.7, and remove one point from one group to obtain a {7, u}-GDD of type 6 u (u − 1) 1 . Apply the Fundamental Construction with weight 9 to the points in u − 2 groups of size 6 and weights 0 or 9 to the remaining points. Proof: For t = 0, see Table 1 .
For t = 1, an optimal (17, 6, [3, 1]) 3 -code is constructed on I 17 with 28 codewords listed below.
Further add the codeword 0 0 , 1 0 , 2 0 , 3 0 .
Lemma 4.39
There is a [3, 1]-GDC(6) of type 1 9t 8 1 with size 9t 2 +14t for each t ∈ {3, 4, 5, 6}.
Proof: For each t, the desired GDC is constructed on X = (Z 3t × {0, 1, 2}) ∪ (Z 3 × {3, 4}) ∪ {∞ 0 , ∞ 1 }, where the point set (Z 3 × {3, 4}) ∪ {∞ 0 , ∞ 1 } forms the group of size 8. Define α : X → X as x y → (x + 1) y where the addition is modulo 3t if y ∈ {0, 1, 2}, and modulo 3 if y ∈ {3, 4}. The points ∞ 0 , ∞ 1 are fixed by α. First develop the following two codewords with α, making two short orbits of length t: For t ∈ {21, 22, 24, 25, 26, 27}, take a TD(6, 5) from Theorem 2.7 and apply the Fundamental Construction to this TD, assigning weight 9 to the points in the first four groups and weights 0 or 9 to the remaining points. Thus we can get a [3, 1] For 31 ≤ t ≤ 80 and t ∈ {33, 57}, take a TD(7, u) with u ∈ {7, 8, 9, 11, 12, 13} from Theorem 2.7, and remove one point from one group to obtain a {7, u}-GDD of type 6 u (u−1) 1 . Apply the Fundamental Construction to this GDD, assigning weight 9 to the points in the first u −2 groups of size 6 and weights 0 or 9 to the remaining points. We get a [3, 1]-GDC(6) of type 54 u−2 (9x) 1 (9y) 1 (9z) 1 with x, y ∈ {0, 3, 4, 5, 6} and z ∈ {1, 2}. Then adjoin eight ideal points and fill in the groups. For t ∈ {33, 57}, take a [3, 1]-GDC(6) of type 36 8 9 1 or type 36 14 9 1 from Lemma 4.12, adjoin eight ideal points and fill in the groups.
Finally, for t ≥ 80 and t ∈ {83, 87, 91}, take a [3, 1]-GDC(6) of type 36 u (9x) 1 with u ≥ 16 and x ∈ {1, 2, 16} or u ≥ 19 and x = 19 from Lemma 4.12. Then adjoin eight ideal points and fill in the groups. For each t ∈ {83, 87, 91}, take a TD(6, u) with u = 15, 17 or 19 from Theorem 2.7, and remove one point from one group to obtain a {6, u}-GDD of type 5 u (u − 1) 1 . Apply the Fundamental Construction to this GDD, assigning weight 9 to the points in the first u − 1 groups of size 5 and weights 0 or 9 to the remaining points. Thus we can get a [3, 1] 
Conclusion
In this paper, we determine almost completely the spectrum of sizes for optimal ternary constant-composition codes with weight four and minimum distance six. We summarize our main results of this paper as follows: , if n ≥ 6 and n ∈ {7, 8, 11} ∪ Q ∪ Q 1 ∪ Q 2 .
Furthermore, we have
